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In an e!ort to better understand the laser processes, a vibrational process conditioning
technique has been demonstrated utilizing the vibration response changes during laser
processing of plate-like workpieces. Taking into account laser processing conditions, the
drift of natural frequencies and the disturbance of natural modes of vibration have been
computed numerically by means of "nite element computational procedures. These
simulations reveal a method for conditioning of surface laser processing, based on real-time
acquisition and analysis of workpiece vibration response. Material removal by a laser beam
produces propagating changes in geometry that decrease the structural sti!ness and thus
alter continuously the vibration response of the structure being processed, as the machining
advances. These #exibilities are properly modelled and evaluated as functions of cutting
parameters. A feasibility study has been carried out considering the bending vibration of
plate structures with line discontinuities. Numerical results show the sensitivity of the
natural frequencies and the disturbances of the natural modes of vibration on the process
parameters and thus prove that this non-destructive method may be applied for the
conditioning of laser machining processes.

( 2001 Academic Press
1. INTRODUCTION

Laser machining is a #exible and cost-e!ective process involving high levels of automation
and computational procedures, by which parts with very narrow kerf and excellent surface
"nishes can be produced. These aspects enable laser machining to become an excellent
alternative to traditional machining. This process is based on local heating or precise
material removal by applying a highly concentrated light energy obtained by laser
irradiation. Laser processing cannot be perceived as simply a laser source, but needs to be
considered as an overall system, which includes also driving and controlling systems. These
systems need to be speci"cally tailored to the laser cutting industry and must develop
simultaneously. Along with their high degree of automation, laser processes demand
advanced monitoring, quali"cation and conditioning systems, especially in
micromachining, biomedical, and di$cult-to-access applications, as the in#uence of all the
di!erent operating parameters such as power density, cutting speed, nozzle diameter, beam
mode, etc., on the laser cutting process is not de"nitely clear [1]. The controller parameters
can be determined through simulation with the aid of a control model of the laser
machining process. Usually, an analytical model of the laser cutting process is developed
which would be able to control a computer-integrated laser cutting system for a vast
number of di!erent applications. Currently, most laser cutting operating parameters are set
by trial and error and apply to one speci"c application. A highly #exible laser cutting system
would increase productivity, e$ciency and pro"t tremendously. This is the incentive for
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developing a proven model of process conditioning. Owing to analytical di$culty in
addressing such problems, not much work has been undertaken previously. Various sensing
methods which have been developed to monitor laser processes such as ultrasonic,
thermographic, or acoustic are sometimes of limited application and accuracy. They realize
thermal, optical or acoustic events associated with process evolution [2}5]. Process
complexity and description by a large number of parameters reduce the e$ciency of these
sensing methods some of which present a limited range of application and reliability, giving
rise to an ever increasing demand for the development of innovative process conditioning
methods, especially for environmentally critical, dangerous and inaccessible regions of
process application.

Structural frequency response testing is becoming an integral part of the development
and testing of a wide range of industrial and consumer products. It is an essential tool for
the de"nition and solution of many types of structural dynamics problems, such as fatigue,
vibration and noise [6, 7]. However, the existence of constraints at any location of
a structure causes changes in the natural frequencies of vibration associated with the mode
which prevails in the vicinity of this location. Based on this principle, a method for detecting
cracks in welded constructions has been developed [8]. The method consists in periodically
measuring the natural frequencies, in particular the "rst three harmonics of the structure or
of a part of it. The ratio of the measured frequency to the frequency measured when the
structure was "rst erected gives information on the existence of a defect and furthermore
makes it possible to estimate its extent [9].

The possibility of using laser light to impact observable momentum is a well-known
technique to excite structures. The method o!ers a convenient way of studying the elastic
properties in thin "lms under conditions where conventional methods of excitation are
di$cult [10, 11]. Real-time laser process conditioning from vibration data could prove to be
a useful technique. Laser processing o!ers continuous material and structural changes
which reduce the sti!ness of the components being processed, as it happens in defective
structural members. When a particular structure is processed, some identical parameters
appear in the equations that govern the process and in those identifying the structural
vibration. This allows for the possibility of using process excited vibration tests to estimate
these parameters, and then to use the estimated values to predict the process. Excitation of
the workpiece structure by a series of impulsive forces representing the laser beam
interaction with the structure surface, may yield information relevant to process
conditioning. Given a particular workpiece structure, one can devise simple vibratory
experiments, and then the posed problem consists in correlating these characteristics to
structural changes due to process advancement. This method of process prediction is based
on the information of just the immediately previous stages of the process and may be used in
closed-loop control schemes to optimize process conditions. The potential advantage of this
non-destructive method is that it is a continuous testing method which may be combined
with identi"cation algorithms and "nite element procedures.

Figure 1 illustrates a two-dimensional laser machining process in which a plate-like
structure is being processed by a laser beam. The beam moves relative to the structure and
produces an excavation in the form of a continuous groove. Considering the dimensions of
the processed path to be negligible, it takes the shape of a plane curve C

g
"C

g
(x, y, t),

de"ned over the plate surface. The shape of this function clearly depends on the continuous
positioning of the laser beam. The formation of this process with associated microcracking
and thermal softening of the workpiece material, reduces locally the sti!ness of the plate.
Apparently, this sti!ness reduction depends on the process characteristics, i.e., the extent of
the heat-a!ected zone, its average temperature, and the shape of the excavation. The
feasibility of such a purely experimental predictive procedure is investigated in this paper by



Figure 1. Modelling of a surface laser process.
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means of "nite element simulations. In these simulations, the distributed restraints arising
along the laser processing paths are estimated and their in#uence on the vibration
characteristics of the plates is studied. Then, the correlation between the vibration response
characteristics and the laser cutting parameters reveals the limits and the applicability of
this non-destructive method.

2. LOSS OF STIFFNESS ALONG A PROCESSED PATH

The presence of an excavation with the shape of a groove or a cut in a sheet-like structure
introduces structural modi"cations associated with a local loss of sti!ness. The posed
problem is to equivalently substitute this local change in geometry by elastic elements and
to correlate the properties of these elements with the aspects of the laser process. The
physical behavior of these elements depends on the local behavior of the structure, and
simulates the loss of sti!ness produced by the laser process.

Figure 2(a) illustrates an idealized cross-section of a machined excavation in a sheet of
thickness h. This excavation has depth d and average width 2r. Considering bending
deformations, dominant discontinuities concern mostly transverse displacements and
normal slopes along the excavation. Figures 2(b) and (c), illustrate these fundamental modes
of deformation which characterize sti!ness reduction. The loss of sti!ness may then be
considered as consisting of two distributed springs along the excavation, one resisting
transverse displacements and the other rotations. These elastic elements which are de"ned
per unit length of the excavation, are functions of both the geometry and temperature, and
are denoted by the symbols k

t
"k

t
(x, y) and k

r
"k

r
(x, y), respectively, where the

co-ordinates (x, y) de"ne the position on the excavation path C
g
. The behavior of the

structure along the path of the process may be modelled by a sti!ness matrix which involves
all possible degrees of freedom existing in this area. However, o!-diagonal terms of this
matrix are expected to have negligible contribution to the dynamic behavior of the
structure, and thus are not considered in this work.

Local #exibilities of structure expressed by line transverse and rotational sti!ness
elements k

t
and k

r
, respectively, have been evaluated by the "nite element method [12].

Finite element analysis for this model assumes linear elastic material properties and far"eld
loading conditions corresponding to bending or shearing. Plasticity e!ects are ignored and



Figure 2. Modelling of a longitudinal excavation produced by a laser beam. (a) Geometry of the cut; (b)
transverse sti!ness; and (c) rotational sti!ness.
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the average temperature of the heat-a!ected zone is considered as degrading equivalently
the structural sti!ness.

For an idealized groove cross-section like that shown in Figure 2(a), a "nite element
procedure has been developed for the evaluation of these equivalent springs. A series of
solutions were conducted to account for the parameters which identify the process
characteristics. From the nodal results of these "nite element analyses, the local sti!ness
constants were found. The numerical results are depicted in Figure 3 for various values of
the involved parameters. Line sti!ness reduction parameters are de"ned per unit length and
are normalized as follows:

K
t
"

k
t

D
l3, K

r
"

k
r

D
l , (1)

where l is a reference length, D"Eh3/12(1!l2) is the #exural rigidity of the plate, E,
l being the Young's modulus and the Poisson ratio respectively.

In Figure 3 these parameters are drawn as functions of the excavation depth, d/h, and for
various average temperatures of the heat-a!ected zone. Numerical results refer to steel
sheets with an excavation of width r/h"0)01. A detailed numerical investigation has
proved that the local sti!ness reduction is very sensitive to the process depth and less
sensitive to the excavation width and temperature rise. However, the exact shape of the
excavation cross-section has little e!ect on the sti!ness reduction, reducing signi"cantly the
number of parameters involved in the problem de"nition. When the groove is enhanced to
a through cut, full loss of sti!ness occurs, which produces severe structural changes.

Figure 3 correlates the laser machining characteristics de"ned by the depth of the
excavation and the average temperature rise to the structural changes de"ned by the
transverse and rotational sti!ness reduction parameters. Thus, it may be adopted as
a process identi"cation tool. Furthermore, if one establishes the relation between the
sti!ness reduction parameters and the vibration response of the same structure, conclusions
may be drawn regarding the process condition, because the only unresolved parameters are
the shape and the length of the cut.



Figure 3. Local sti!ness coe$cients with process characteristics for r/h"0)01. (a) Transverse sti!ness; and (b)
rotational sti!ness: **, ¹"03C; ------, ¹"5003C; * -* -* -, ¹"10003C.

CONDITIONING OF LASER PROCESSING 515
3. ANALYTICAL CONSIDERATIONS

Without loss of generality, the simplest model which can be conceived to illustrate the
application of the proposed vibrational laser conditioning technique embodies vibration of
uniform plates. Apart from its mathematical simplicity, this model will provide information
which exists, but is obscured in more complex structures. For reasons of completeness and
to illustrate the analytical di$culties of this modelling, a brief mathematical description is
given in the following. Although this mathematical modelling involves the eigenvalue
problem of #at plates which contain distributed restraints along laser processed paths and
thus presumes quasi-static conditions, the dynamic response and the instantaneous beam
velocity can also be incorporated, but this is beyond the scope of the present work.
Consequently, in order to investigate the in#uence of laser processing characteristics on the
frequency response of plates, non-propagating cuts are considered and thermal softening is
considered along the processed path as discussed earlier.

Consider a thin, isotropic plate which lies in the x}y plane and is of constant thickness h.
It is recessed by surface or through cuts with the shape of a line, as those produced by
laser marking, scribing, excavation or cutting processes. Depending on the type of
process, a laser beam machines a continuous or discontinuous groove which may be
considered as a line restraint with zero cross-sectional dimensions and appropriate
sti!ness characteristics as discussed in the previous section. The solution procedure for the
problem of the vibration of plates restrained in such a way, is based on the Mindlin
plate theory and the substructuring method, which can be regarded as an alternative form
of the "nite strip method [13}16]. This substructuring technique via arti"cial springs has
been applied also by Avalos et al. [17], and Lee and Ng [18, 19] to predict the dynamic
response of plates and skeletal structures with discontinuities respectively. Accounting for
the shape of the processed path and its virtual extension, the plate is idealized by
substructures. A plate with a narrow groove, starting from the perimeter of the plate is
shown in Figure 1.

Let the plate under consideration be cut along the line of excavation, and the e!ects of the
grooved and ungrooved segments be represented by the application of appropriate
conditions. If each substructure i, is de"ned within the subdomain X

i
, then, the domain of



516 N. K. ANIFANTIS
the problem is

X"

m
+
i/1

X
i
, (2)

where m is the total number of substructures.
According to small de#ection plate theory, the di!erential equation of free vibration of

each substructure is [20]

!D+4w
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(x, y, t)"ohw~
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, (x, y)3X

i
, i"1, 2,2,m, (3)

where +4 is the biharmonic operator, w
i

is the transverse displacement of the ith
substructure and o the density. It is to be noted that w

i
is a function of x, y and time t, and

dots represent derivatives with respect to t. The relations between the forces and
deformations, in terms of normal and tangential coordinates (n, s) as shown in Figure 1, are
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where M
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, M

ins
are the normal and tangential bending moment components, Q

in
the

shearing force, and the Laplacian has the form
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In the above equations, R denotes the radius of curvature of the boundary curve.
On the outer surface C

o
of the plate, standard boundary conditions exist depending on the

nature of supports. Along the interfaces C
ij

de"ned between adjacent subdomains X
i
and X

j
,

standard continuity and compatibility conditions hold, except on the interfaces C
g
, where

the laser excavations exist. Along the latter, deformation and slope discontinuities are
established, which in view of equations (4)}(6) can be written as
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,
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r
(8, 9)

respectively. In equations (8) and (9), subscript i means evaluation of associated functions on
the boundary surface of the subdomain X

i
. The discontinuities on transverse displacement

and rotation are controlled by the local sti!ness coe$cients k
t
and k

r
, respectively, which

depend on the local process characteristics, expressed by the machining geometry and the
average temperature of the heat-a!ected zone.

Assuming w
i
(x, y, t)"=

i
(x, y)F(t) where the function =

i
depends on the spatial

co-ordinates only, F (t) is a time-dependent harmonic function, and separating the variables
equation (3) yields

(1!j4)+4=
i
"0, (x, y)3X

i
, i"1, 2,2, m (10)
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The parameter j4"u2oh/D represents the eigenvalue of the problem and u is the circular
frequency.

The general solution of equations (10) depends on the particular co-ordinate system
which more e!ectively describes the plate and its substructures X

i
. Furthermore, the

eigenvalues of the structure depend on the shape and geometry of the interfacial curve
C
g

and the magnitude of the local #exibilities. Application of equations (8) and (9) and
standard continuity, compatibility and boundary conditions yields the characteristic
equation of the problem. When the processing lines are straight, the treatment of the
problem is mostly trivial. The presence of irregular interfaces resulting from complicated
processing demands more advanced techniques. This equivalently means that it is a
very di$cult task to prepare analytical solutions for the posed eigenvalue problem in
a global reference system. For the purposes of the present work, numerical formulations will
be utilized in the following, based on the "nite element approach, which is the simplest way
to exploit this problem. The solution of the eigenvalue problem yields the natural
frequencies of the structure and the natural modes of vibration as functions of the sti!ness
reduction parameters k

t
and k

r
. The sensitivity of the vibration response to those

parameters is expected to determine the feasible domain of the laser machining conditioning
problem.

4. NUMERICAL PREDICTIONS AND DISCUSSION

A numerical investigation into cutting conditioning in laser processing of
two-dimensional workpieces is presented in this section utilizing "nite element procedures.
Numerical simulations regarding eigenvalue analysis of rectangular plates with dimensions
a]b, subjected to a single line restraint are carried out. The restraint, which has length
b
0

and is parallel to the side b at a distance a
0
, simulates the e!ect of an excavation

machined by a laser beam (Figure 4). In order to investigate the sensitivity of the response to
the supporting method, two di!erent cases have been analyzed, regarding a simply
supported and a free edge structure respectively. Parametric studies have been conducted
by varying the dimensions of the plate, the length and the sti!ness of the discontinuity. For
the purposes of the present study and without loss of generality, steel plates were considered
with b"1 m, h"0)01 m, and the side a as an independent global variable. The material
properties of these structures were assumed to be E"210 GPa, l"0)3 and
o"8000 kg/m3. Each plate contains a straight surface excavation of width r"50 km in the
form shown in Figure 2(a), which represents a laser processing path. With reference to the
tip of the processing path, four rectangular subdomains can be de"ned. Each subdomain
may be further subdivided into a number of rectangular elements. The line restraint
introduced by the laser beam excavation is considered in the model through spring elements
distributed along this line. These springs have appropriate sti!ness characteristics as
discussed earlier, and join adjacent node pairs along the processing path. Their sti!ness
characteristics depend on the laser process characteristics and may be determined by Figure 3.
Numerical results cannot be directly interpreted in terms of the excavation depth because
the response depends also on other factors. These involve the position and shape of
excavation, operating temperatures, plate dimensions and sti!ness, some of which are
included in the local sti!ness coe$cients. These coe$cients vary from zero to very high
values when through or part through cuts are present respectively. To study the dynamic
response qualitatively, a steel plate containing an excavation with constant depth and zero
temperature of the heat-a!ected zone was examined. Then, for a given depth of excavation,
the local sti!ness coe$cients get de"nite values. The de"nition of these coe$cients per unit



Figure 4. Geometry of a rectangular plate containing a straight excavation.
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length of excavation enables the determination of appropriate spring constants depending
on plate dimensions and sti!ness, as equation (1) indicates. These springs equivalently
represent the same loss of sti!ness as that de"ned by coe$cients k

t
and k

r
respectively.

When variations in excavation depth or temperature occur, then appropriate averaged
values of local #exibility coe$cients may be determined by means of Figure 3. This
equivalently means that the springs along the excavation path have varying sti!ness
according to the variations of local #exibility coe$cients. In the following computations, for
reasons of simplicity k

t
"k

r
"k was taken, where the parameter k equivalently stands for

sti!ness constants introduced between the node pairs in which the restraint occurs. Then,
according to equations (1), the frequency shift is illustrated as a function of the local
#exibility coe$cient C"D/k, where the reference length is l"b"1 m. This coe$cient
represents equivalently the compliance occurring across the subdomains which are adjacent
to the excavation. Small values de"ne shallow excavations, though large values de"ne
through cuts respectively.

The accuracy and convergence characteristics of the "nite element approach were studied
for a free plate with a"b"1 m, without any restraints, the analytical vibration response of
which is available elsewhere [20]. The natural frequencies u

mn0
of this perfect structure are

given then by the equation

u
mn0

"n2 CA
m

aB
2
#A

n

bB
2

D S
D

oh
, m, n"1, 2,2 . (11)

Vibrational mode shapes are denoted by indices (m, n), where m, n are the numbers of
half-waves in the x and y directions respectively. Several "nite element models were
examined to predict numerically the results of equation (11). In these models, the processed
path was approximated by springs of large sti!ness (1010) to simulate continuous plates.
When each substructure contains a mesh of (4]4) element subdivisions, the numerical
solution converges to that expressed by equation (11). The maximum di!erence is observed
on the higher harmonics and is lower than 2)0%.

The accuracy of the numerical procedure was checked also for the case where a simply
supported rectangular plate has a through straight cut like a crack. In this case, the sti!ness
of the springs along the restraint path was taken to be zero. Table 1 shows a comparison



TABLE 1

Analytical and numerical predictions of eigenvalues of simply supported rectangular plates with
a straight cut

Mode Analytical [18] Numerical % Di!erence

11 0)896 0)903 0)7
Symmetric 21 0)961 0)956 !0)5

31 0)981 0)993 1)2

12 0)637 0)643 0)6
Antisymmetric 22 0)916 0)914 !0)2

32 0)889 0)906 1)7
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between analytical and numerical predictions of eigenvalues for a plate with a/b"0)25,
a/a

0
"0)5 and b/b

0
"0)5. It must be noted here that the analytical predictions regard

rectangular plates with through cracks [21]. The predicted numerically natural frequencies
were normalized with respect to the corresponding frequencies of the unprocessed perfect
structure, i.e.,

j
mn
"

u
mnr

u
mn0

, m, n"1, 2,2 , (12)

where u
mnr

are the natural frequencies of the restrained plate. Numerical results are very
close to those analytically predicted with maximum di!erence lower than 2)0%. Accounting
for this information, all subsequent results refer to a "nite element model which involves 256
plate elements, 8 spring elements and 333 nodes.

4.1. SIMPLY SUPPORTED PLATE

The eigenvalue problem of a freely vibrating simply supported plate which contains a line
excavation was considered initially. This type of restraint may be located at two distinct
positions, i.e., at a/a

0
"0)5 and a/a

0
"0)25. With reference to some selected lower modes of

vibration, Figure 5 illustrates the normalized frequency drop j
mn

of the plate with the
equivalent sti!ness representing the contribution of the excavation. The mode of vibration
11 exhibits a very small sensitivity to the presence of the cut showing maximum changes of
order 2%. Higher modes (m*1, n*1) show higher sensitivity to the presence of the cut.
The aspect ratio of the plate dimensions a!ects signi"cantly the changes in natural
frequencies, as the comparison between Figure 5(a) and (b) shows. The position of the
excavation a!ects also the response as shown by dashed lines in Figure 5. Frequency shifts
observed in this "gure may be explained more clearly with reference to Figure 6. This latter
"gure illustrates some lower order natural modes of vibration of a square plate with
a restraint having a/a

0
"0)5 and b/b

0
"0)5. This "gure depicts also steep discontinuities in

the regions along the line of the excavation. As shown, supporting conditions a!ect
signi"cantly the frequency shift producing a more or less sti! structure. Figure 7 illustrates
the e!ect of the cut length on the frequency drop, for some value of restraint sti!ness. The
in#uence of the plate dimensions on the frequency response is apparent. Small length cuts
have negligible in#uence on frequency shift, and large cuts reduce signi"cantly the frequency
up to 50% depending on the vibration mode.



Figure 5. Drift in natural frequencies of simply supported plates with excavation; (a) square, a/b"1)0 and (b)
rectangular plates, a/b"2)0: **, a

0
/a"0)25; ------, a

0
/a"0)50.

Figure 6. Natural modes of vibration of a square simply supported plate containing a straight excavation.
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4.2. FREE PLATE

A freely vibrating plate which contains a line excavation was considered next. Four
spring elements attached to the corners of the plate were utilized to simulate free boundary
conditions. The sti!ness characteristics of these elements were evaluated through the
convergence procedure to be of the order 102. Figure 8 illustrates the normalized frequency
j
mn

for some selected lower modes of vibration with the sti!ness of the restraint. This
structure seems to be more sensitive to the changes in the depth of the cut than the
corresponding simply supported one. Lower frequencies are not shown, i.e., the 11 and 12,
are invariant to the cut depth. Figure 9 illustrates some natural modes of vibration for the
same plate, from which it is apparent that the mode 12 is insensitive to the existence of the



Figure 7. In#uence of excavation length on natural frequencies of simply supported plates, when C"2)0 and
a
0
/a"0)50: **, a/b"1)0; ------, a/b"20.

Figure 8. Drift in natural frequencies of free plates with excavation; (a) square, a/b"1)0 and (b) rectangular
plates, a/b"2)0: **, a

0
/a"0)25; -------, a

0
/a"0)50.
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cut. The vibration amplitudes and the magnitudes of the discontinuities are in this case
lower than those observed in simply supported plates. In the case of free plates, higher
frequency shifts occur than those in simply supported plates as Figure 10 depicts. As shown
in this "gure, free plates are more sensitive to shallow cuts.

4.3. CURVED EXCAVATION

The in#uence of curved excavations on the dynamic response was examined in a single
case concerning a free square plate. The plate has properties and geometry as referred to
above and contains a curved excavation of the form of a circular arc with its center located
at one corner of the plate, starting point the middle of a corresponding side and radius one



Figure 9. Natural modes of vibration of a free square plate containing a straight excavation.

Figure 10. In#uence of excavation length on natural frequencies of free plates, when C"2)0 and a
0
/a"0)50:

**, a/b"1)0; -------, a/b"2)0.
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half of the side, was inserted in the "nite element model. Various lengths and depths of this
excavation were studied and the results are discussed in the following. Figure 11 depicts the
drift of some lower eigenvalues of the plate with the local #exibility coe$cient C. From this
"gure the dependence of the eigenvalues on the arc length h is apparent. The excavation
depth interpreted by the compliance coe$cient C, causes signi"cant frequency drifts up to
40% with respect to the original ones, when full cuts are present. Figure 12 illustrates the
outline of some natural modes of vibration of a free square plate with an arc-type
excavation with h"453. The discontinuities of eigenforms in this case are curved and
distributed along the excavation. The e!ect of the excavation length interpreted by the angle
h, on the frequency drift is shown in Figure 13. A comparison with Figure 10 shows that the
frequency drifts depend on excavation shapes. Thus the shape, length and depth of the laser



Figure 11. Drift in natural frequencies of a free square plate with a curved excavation: **, h"303; ----,
h"603.

Figure 12. Eigenforms of a free square plate having a curved excavation.
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process may be identi"ed from the sequence of frequency drifts in association with
discontinuities appearing in eigenforms.

The "nite element formulation interpreted above is based on the framework of Mindlin
plate theory and thus is limited to small de#ections. However, the response is utilized during
the laser process, which may induce de#ections exceeding this limitation. To study
this aspect, a quantitative study was conducted, in which peak values of de#ection
were evaluated by means of a frequency response analysis. To simulate a laser-type
excitation, a concentrated transverse load was applied on the leading tip of a curved
excavation (Figure 12(a)). Then, the harmonic response was numerically predicted for a free
square plate, assuming the presence of light damping (5%). Figure 14 illustrates the
frequency response of the points A and B which present maximum de#ections. Maximum
de#ections occur in mode 11 and are of the order 10~4 m/N of applied force amplitude. As
the thickness of the plate is 0)01 m and the momentum imparted by laser sources is very



Figure 13. In#uence of excavation length on the natural frequencies of a free square plate when C"2)0.

Figure 14. Harmonic response of a free square plate subjected to concentrated loading when C"2)0 and
h"453.
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small, these results show that de#ections are much less than 40% of the plate thickness as
Mindlin theory assumes. Furthermore, this assumption does not restrict the applicability of
the method, as alternatively thick plate elements may be utilized under "nite element
procedures. The eigenforms illustrated in Figures 6, 9 and 12 were normalized with respect
to the mass and were drawn with the same scale factor which exaggerates de#ections. Thus,
the results shown in these "gures may be used for comparison purposes only.

Previously reported numerical results concern two-dimensional modelling of plates
incorporating line restraints of uniform strength per unit length of excavation, in an
averaged sense. Three-dimensional e!ects arising very close to the leading tip of the
excavation were neglected. The incorporation of these in the model requires application of
varying discontinuity strength, especially near the leading edge of excavation. This variation
yields approximately the same eigenvalues as those obtained in the uniform restraint case,
and negligible changes in eigenforms near the leading edge, depending on plate thickness.
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Eigenforms depend not only on the localized but mainly on the overall sti!ness distribution.
Thus, three-dimensional local e!ects change eigenforms locally and are negligible. Dynamic
response seems to be much more sensitive to temperature changes because local heating
causes signi"cant material softening and thus development of very strong compliance.

With reference to previously reported numerical results, some comments may be made on
the feasibility of adopting vibrational techniques to predict laser process conditioning.
Considering #exible and extended workpieces, like the plate structures analyzed above,
changes in the frequency response are observed which depend solely on the process
characteristics. A signi"cant frequency drop up to 50% in comparison with the initial
structure, may be observed especially in the lower natural frequencies. It was proved by
numerical experimentation that for each mode of vibration, the frequency shift depends
directly on the length, position and depth of the laser process. When the position of the
excavation is close to a vibration node, then the frequency drift is negligible as usually
happens in beam structures [12]. The workpiece dimensions and supporting conditions
a!ect signi"cantly the frequency response. The natural modes of vibration present step
discontinuities which would be utilized in a laser process conditioning method [22].
However, shallow cuts are rather di$cult to be identi"ed by the proposed method. Previous
analysis gives encouraging results to adopt vibrational methods in surface laser process
conditioning. Continuous monitoring of frequency response by a data acquisition system
and analysis of natural modes of vibration by an image processing system may yield whole
necessary information for process prediction. However, experimental veri"cations, more
detailed investigations and sensitivity analysis are expected to give answers to most of the
problems arising in the procedure application stage. This method must use "nite element,
image processing, data acquisition and analysis and process identi"cation computational
tools.

5. CONCLUSION

A "nite element approach has been presented for the quasi-static simulation of surface
laser processing procedures. This approach concerns #at rectangular plates with linear
surface cuts. The subdomain method in conjunction with the distribution of spring elements
along the cut to simulate the restraint introduced by the cut was utilized to approach the
free vibration problem of these plates in the form of a general computational problem.
From the numerical solution of this problem, imposing appropriate values to the global
design variables yields information regarding the feasibility of application vibrational
techniques to identify such laser processes. The numerical results obtained prove that it is
possible to apply vibrational techniques for the conditioning of laser processing procedures.
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